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In this paper, the isolated horizons with rotation are considered. It is shown that the
symplectic form is the same as that in the nonrotating case. As a result, the boundary
degrees of freedom can be also described by an SO(1, 1) BF theory. The entropy of
the rotating isolated horizon satisfies the Bekenstein-Hawking area law with the same
Barbero-Immirzi parameter.
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1. Introduction
Isolated horizons (IHs)1, 2 can be considered as generalization of the event horizon
of the black hole. They have many applications in mathematical physics, numerical
relativity and quantum gravity.3 Also they provide more physical setting for the
entropy calculation in loop quantum gravity.4–6 The IHs can be nonrotating or
rotating. The calculation of the entropy was first did with the nonrotating case,7
and then generalized to the rotating case.8, 9 Those calculation of the entropy are
based on counting the dimension of Hilbert spaces of the boundary U(1) Chern-
Simons theory.7 Later, an SU(2) connection formulation is developed.10
In previous paper Ref. 11, a new approach based on the BF theory to calculate
the entropy of the isolated horizons is formulated. Unfortunately this method can
only be applied to the nonrotating case then. In this paper, it will be shown that
the symplectic form of the rotating isolated horizon is the same as that of the
nonrotating case, thus the former case can be reduced to the later case, which has
been dealt already.
The paper is organized as follows. In section 2, a brief review of the calculation
1
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of the entropy for nonrotating isolated horizon with BF theory is given. In section
3, it is shown that the symplectic form of the rotating isolated horizons can be
reduced to the nonrotating case. So the same results of the entropy calculation can
be achieved. Section 4 is the conclusion.
2. Review for the nonrotating case
In this section, a brief review of the entropy calculation for the nonrotating isolated
horizons based on SO(1, 1) BF theory is given.11 The starting point is the Palatini
action of general relativity on 4-dimensional manifold M,
S = −
1
2κ
∫
M
ΣIJ ∧ F
IJ , (1)
where κ ≡ 8piG,
ΣIJ =
1
2
εIJKLe
K ∧ eL, (2)
eI is the co-tetrad, AIJ is the SO(3, 1) connection 1-form, and F (A)KL ≡ dAKL +
[A,A]KL is the curvature of the connection AKL. From this action, one can get
the symplectic potential density and the symplectic current respectively. The iso-
lated horizon is considered as the internal boundary of the spacetime, and it will
contribute to the symplectic form.
Near the isolated horizon ∆, the Bondi coordinates given by (v, r, xi, i = 1, 2) is
adopted, where the horizon is given by r = 0. The Newman-Penrose null co-tetrad
(l, n,m, m¯) can be written as12

n = −dv,
l = dr − (κ˜r)dv − 2Re(pi(0)ξ
(0)
i )rdx
i +O(r2),
m = −p¯i(0)rdv + (1− µ(0)r)ξ
(0)
i dx
i − (λ¯(0)r)ξ¯
(0)
i dx
i +O(r2),
(3)
where µ, pi, λ are the spin coefficients in the Newman-Penrose formalism,13 f (0)
means its value on ∆ and κ˜ is the surface gravity on the horizon.
Next the following set of co-tetrad fields is chosen
e0 =
√
1
2
(αn+
1
α
l), e1 =
√
1
2
(αn−
1
α
l),
e2 =
√
1
2
(m+ m¯), e3 = i
√
1
2
(m− m¯),
(4)
where α(x) is an arbitrary function of the coordinates. Each choice of α(x) charac-
terizes a local Lorentz frame in the plane I formed by {e0, e1}.
Restricted to the horizon ∆, the revelent co-tetrad fields (4) satisfy
e0 , e1. (5)
Hereafter the symbol , denote equalities on ∆.
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After some straightforward calculation, the following conditions are obtained:
Σ0i , −Σ1i, A
0i , A1i, ∀i = 2, 3,
A01 , κ˜dv + d(lnα) + pim+ p¯im¯.
(6)
So the horizon integral of the symplectic current reduces to
Ω∆(δ1, δ2) =
1
κ
∫
∆
δ[1ΣIJ ∧ δ2]A
IJ =
2
κ
∫
∆
δ[1Σ01 ∧ δ2]A
01. (7)
For the nonrotating isolated horizons, the condition pi = 0 is satisfied, so
dA01 , 0. (8)
Also it is easy to see
dΣ01 , 0. (9)
Then an 1-form B can be introduced locally on ∆ to satisfy
dB ,
Σ01
κ
. (10)
The B field has to satisfy the constraint∮
H
dB =
1
κ
∮
H
Σ01 =
aH
κ
, (11)
where H is the spatial section of ∆ and aH denotes the area of the horizon.
From above conditions, it can be shown that the integral (7) can be written as11
2
κ
∫
∆
δ[2Σ01 ∧ δ1]A
01 , 2
∫
H2
δ[2B ∧ δ1]A
01 − 2
∫
H1
δ[2B ∧ δ1]A
01, (12)
which is the symplectic form for a SO(1, 1) BF theory.
Above results suggest one to consider the system described by general relativity
for the bulk M plus an SO(1, 1) BF theory for the boundary ∆. In loop quantum
gravity approach, only the horizon degrees of freedom contribute to the IH entropy.
Hence, the bulk degrees of freedom need to be traced out.
The bulk and boundary theories should be quantized separately. The full Hilbert
space is the tensor product of those two sub-system H = HM ⊗HH , where HM is
the Hilbert space for loop quantum gravity on the bulk, andHH is the Hilbert space
for the BF theory on the boundary. Then after applying the boundary condition,
which is just the quantized version of the condition (10), the relation of quantum
number between bulk and boundary theories can be established. Finally the number
of independent boundary quantum states which satisfy the constraint (11) will give
the entropy for the nonrotating isolated horizon:11
S = lnN =
ln 3
piγ
aH
4l2Pl
+ ln
2
3
, (13)
which gives the right answer if the Barbero-Immirzi parameter is set to be γ =
ln 3/pi.
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3. Rotating isolated horizons
For the rotating isolated horizon pi 6= 0, the connection A01 satisfy
dA01 , 2Im(Ψ2)Σ01 6= 0, (14)
where Ψ2 is the second components of the Weyl tensor. This is the main obstruction
to apply the above method. In this section, it will be shown that the rotating part
doesn’t affect the symplectic form, so our method can be applied to the rotating
case either.
Eq.(6) shows that the connection A01 can be divided into two parts
A01 = A¯01 + A˜01, (15)
such that
A¯01 , κ˜dv + d(lnα) with dA¯01 , 0,
A˜01 , pim+ p¯im¯.
(16)
Under the SO(1, 1) transformation which characterized by the α, the A˜01 is un-
changed and A¯01 transforms as a connection. Then, the horizon integral (7) can be
written as
Ω∆(δ1, δ2) =
2
κ
∫
∆
δ[1Σ01 ∧ δ2]A¯
01 +
2
κ
∫
∆
δ[1Σ01 ∧ δ2]A˜
01. (17)
The first term looks like the symplectic form for a nonrotating IH. Now, the key
task is to calculate
Ω′∆(δ1, δ2) =
2
κ
∫
∆
δ[1Σ01 ∧ δ2]A˜
01. (18)
Following the method in Ref. 5, we consider the variations δ = (δΣ01, δA˜
01)
which, on the IH, correspond to linear combinations of SO(1, 1) internal gauge
transformations and diffeomorphisms preserving the preferred foliation of ∆. That
is, δf on the IH can be written as
δf = δγf + δwf, (19)
where γ : ∆ → so(1, 1) and w : ∆ → T (H). so(1, 1) is the Lie algebra of SO(1, 1)
and T (H) is the tangent bundle over the spatial section H of ∆. Since both Σ01
and A˜01 are invariant under the SO(1, 1) transformation,
Ω′∆(δγ , δ) = 0. (20)
So we just need to consider two diffeomorphism transformations associated with
two vector fields w and u. For diffeomorphism transformations associated with w,
one has
δwΣ01 = LwΣ01 = wydΣ01 + d(wyΣ01) = d(wyΣ01),
δwA˜
01 = LwA˜
01 = wydA˜01 + d(wyA˜01),
(21)
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where wyΣ01 is the interior product and dΣ01 , 0 due to the Einstein field equa-
tions. So
Ω′∆(δw, δu) =
1
κ
∫
∆
d(wyΣ01) ∧ δuA˜
01 − δuΣ01 ∧ (wydA˜
01)− δuΣ01 ∧ d(wyA˜
01))
=
1
κ
∫
∆
d(wyΣ01 ∧ δuA˜
01) + (wyΣ01) ∧ δu(dA˜
01)− δuΣ01 ∧ (wydA˜
01)
−d(δuΣ01 ∧ (wyA˜
01)) + δu(dΣ01) ∧ (wyA˜
01)
=
1
κ
∫
∂∆
wyΣ01 ∧ δuA˜
01 − δuΣ01 ∧ (wyA˜
01)
+
1
κ
∫
∆
(wyΣ01) ∧ δu(dA˜
01)− δuΣ01 ∧ (wydA˜
01). (22)
By using the identity (wyAp) ∧ Bq + (−1)pAp ∧ (wyBq) = 0 for arbitrary p-form
Ap, q-form Bq and vector w with p+ q − 1 equal to the dimension of the manifold,
Eq.(22) reduces to
Ω′∆(δw, δu) = −
1
κ
∫
∂∆
δu((wyA˜
01)Σ01)−
1
κ
∫
∆
δu(Σ01 ∧ (wydA˜
01)). (23)
The second term vanishes because of Eq.(14).
For the first term, with the help of Eq.(21) it becomes
−
1
κ
∫
∂∆
δu((wyA˜
01)Σ01) = −
1
κ
∫
∂∆
uyd((wyA˜01)Σ01) + d(uy((wyA˜
01)Σ01))
= 0, (24)
since ∂∆ = H2 ∪ (−H1) is two dimension, and is also a boundary.
Thus, the symplectic form for the rotating isolated horizon Eq.(17) is the same
as that for nonrotating case,
Ω∆(δ1, δ2) =
2
κ
∫
∆
δ[1Σ01 ∧ δ2]A¯
01. (25)
So the boundary degrees of freedom can also be described by an SO(1, 1) BF
theory, and the method of calculating the entropy for a nonrotating IH in section 2
can be applied to rotating IHs. The derived entropy satisfies the Bekenstein-Hawking
area law with the same Barbero-Immirzi parameter.
The above results can be generalized to the higher dimensional IHs straightly.
The nonrotating IHs in D-dimensional spacetime have been dealt with in Ref. 14.
The essential point for the generalization to rotating IHs is to show that the ex-
pression in Eq.(18) also vanishes in higher dimension. It can be shown that the 01
component of SO(D − 1, 1) connection approaches to
A01 , (κ˜dv + d lnα) + (δABpiAeB) ,: A¯
01 + A˜01, (26)
on an IH, where κ˜ is still the surface gravity with respect to l, α is the parameter of
SO(1, 1) gauge group, {eA, A = 2, · · · , D− 1} is an orthogonal vielbein on a section
of ∆,
piA := e
a
A
lb∇bna, (27)
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which is related to the angular momentum of the IH.15 For the internal gauge
transformation, Eq.(20) is still valid for higher dimension for the same reason. For
diffeomorphic transformation generated by the vector field w and u,
Ω′∆(δw, δu) = −
2
κ
∫
∂∆
δu((wyA˜
01)Σ01)−
2
κ
∫
∆
δu(Σ01 ∧ (wydA˜
01)). (28)
The second term vanishes due to the fact that A˜01 is independent of v in the limit
on ∆. For the same reason as in 4-dimensional case, the first term is zero since ∂∆
is a D − 2 dimensional boundary.
4. Conclusion
The boundary BF theory approach to the statistical interpretation of the entropy
can be applied to the rotating IHs. The key reason is that Eq.(18) does not con-
tribute to the symplectic form on the IH, though the component of SO(3, 1) con-
nection, A01, acquires a nontrivial term A˜01 related to the rotation.
The boundary BF theory can be applied to nonrotating and rotating isolated
horizons in 4 dimensional and higher dimensional spacetime. It also can be applied
to isolated horizons in Lovelock theory,16 so the range of the application is very
wide.
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